Qualitative dynamics of three different loop quantizations of spatially flat isotropic and homogeneous models is studied using effective spacetime description of the underlying quantum geometry. These include the standard loop quantum cosmology (LQC), its recently revived modification (referred to as mLQC-I), and another related modification of LQC (mLQC-II) whose dynamics is studied in detail for the first time. Various features of LQC, including quantum bounce and preinflationary dynamics, are found to be shared with the mLQC-I and mLQC-II models. We study universal properties of dynamics for chaotic inflation, fractional monodromy inflation, Starobinsky potential, non-minimal Higgs inflation, and an exponential potential. We find various critical points and study their stability, which reveal various qualitative similarities in the post-bounce phase for all these models. The pre-bounce qualitative dynamics of LQC and mLQC-II turns out to be very similar, but is strikingly different from that of mLQC-I. In the dynamical analysis, some of the fixed points turn out to be degenerate for which center manifold theory is used. For all these potentials, non-perturbative quantum gravitational effects always result in a non-singular inflationary scenario with a phase of super-inflation succeeded by the conventional inflation. We show the existence of inflationary attractors, and obtain scaling solutions in the case of the exponential potential. Since all of the models agree with general relativity at late times, our results are also of use in classical theory where qualitative dynamics of some of the potentials has not been studied earlier.
I. INTRODUCTION
In classical cosmology, inflationary paradigm plays an important role in the resolution of many long-standing problems of the standard big-bang model, by assuming that the universe undergoes an exponential expansion sourced by a single or multiple scalar fields in the very early epoch. However, classical general relativity (GR) is an incomplete theory, breaks down when spacetime curvature reaches the Planck scale, and inflation itself is past-incomplete [1] , due to the big bang singularity where all physical quantities become infinite. Hence, the initial conditions of inflation in the classical theory are usually imposed at the onset of inflation. What happened in the pre-inflationary phase becomes an interesting question, which can only be reliably addressed in a theory where the big-bang singularity is removed. In the last one and half decades, loop quantum gravity (LQG) has been rigorously applied to understand singularity resolution in various cosmological spacetimes (for a review see Ref. [2] ) and black holes (see, e.g. Ref. [3] ). Results are very encouraging, signaling a generic resolution of all strong curvature singularities in various cosmological spacetimes [4, 5] . The basic picture in loop quantum cosmology (LQC), a quantization of homogeneous and isotropic spacetimes using LQG turns out to be the following. At large volumes, there is an excellent agreement between GR and LQC, but as curvature approaches * Bao-Fei Li@baylor.edu † psingh@phys.lsu.edu ‡ Anzhong Wang@baylor.edu the Planck scale significant differences arise. Unlike GR, the big bang singularity is absent in LQC and replaced by a quantum bounce due to non-perturbative quantum gravitational effects which bound the energy density by a universal value [6] [7] [8] . At the fundamental level, the quantum dynamics in LQC is governed by a finite difference equation which for a wide variety of states can be approximated extremely well by an effective dynamics [9] [10] [11] [12] . In LQC, the effective Hamiltonian results in modified Friedmann-Raychaudhuri (FR) equations which have quadratic terms in energy density. Implications of these corrections to GR equations have been widely studied to understand the Planck scale phenomenology (see, e.g. [13] for a review). Due to ambiguities in the quantization procedure, different effective Hamiltonians can result for homogeneous spacetimes in loop cosmology.
1 About a decade ago, Yang, Ding and Ma found two variants of LQC and obtained two different effective Hamiltonians. Both of these Hamiltonians were derived by treating the Lorentzian term in the Hamiltonian constraint independently from the Euclidean by using Thiemann's regularization of Hamiltonian constraint in LQG [14] . In contrast, for spatially flat models in the standard LQC, the Lorentzian term is written in the same form as Euclidean term and combined with the latter before quantization. We would refer to the two modified versions of LQC found in Ref.
[15] as mLQC-I and mLQC-II, respectively. These are different from each other in the way Lorentzian term is quantized. In mLQC-I, the extrinsic curvature in the Lorentzian term is directly expressed in terms of holonomies using an identity on the classical phase space. Whereas in mLQC-II, proportionality between extrinsic curvature and the Ashtekar-Barbero connection is used before expressing it in terms of holonomies. Unlike LQC where the quantum Hamiltonian constraint is a second order finite difference equation, mLQC-I and mLQC-II result in a fourth order quantum difference equation. For mLQC-I, all of the four roots are important for a consistent physical evolution where as for mLQC-II two of the roots are unphysical [16] .
It should be noted that to the leading order the effective Hamiltonian of mLQC-I is identical to the one recently obtained from the expectation values of the Hamiltonian operator in LQG with the help of complexifier coherent states in the homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime [17, 18] . Various aspects of the cosmological dynamics resulting from this effective Hamiltonian and modified FR equations were first obtained by the current authors in Ref. [19] . These equations confirmed that the evolution of the universe in this model is asymmetric about the bounce, in contrast to the standard LQC. The existence of asymmetric bounce is tied to the necessity of two different branches corresponding to two pairs of physical roots of the quantum difference equation for a consistent evolution. Further, unlike the standard LQC, the modified FR equations include higher order terms than those quadratic ones in energy density [19] .
Though mLQC-I has recently gained renewed attention [17] [18] [19] [20] , little has been known so far about the dynamics of mLQC-II except for a scant observation that the bounce is symmetric [15] . In particular, important details of modified Friedmann dynamics and Planck scale physics have remained unknown. This gap is filled in our current work. In particular, a detailed study on the cosmological dynamics in mLQC-II is given in the next section where the modified FR equations and various features of resulting dynamics are studied. In contrast to mLQC-I, we find the evolution in mLQC-II to be quite similar to LQC even though there exist higher order terms than quadratic in energy density in the modified FR equations. Our detailed investigations confirm that the quantum bounce is symmetric in mLQC-II. Unlike in mLQC-I where the pre-bounce branch results in a constant Planckian spacetime curvature regime, similar to a quantization of the Schwarzschild interior in LQC [21] , the pre-bounce branch in mLQC-II results in a classical universe as in LQC. The post-bounce branch of the three models all results in the classical GR limit at late times.
Apart from understanding in detail the dynamics of mLQC-II and putting it on the same footing as LQC and mLQC-I, our main objective in this paper is to investigate pre-inflationary dynamics for various potentials in these three models. The potentials we consider are: chaotic (φ 2 ) inflation, fractional monodromy inflation, Starobinsky inflation, non-minimal Higgs inflation and inflation with an exponential potential. Qualitative dynamics of chaotic and exponential potentials have been studied extensively in GR. Other potentials have not been well studied even in the classical theory. In LQC, the situation is similar with most of the works only on chaotic inflation [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , and remain to be so far addressed in mLQC-I and mLQC-II. Since analytical solutions are difficult in presence of potentials, universal features of dynamics can be understood via phase space analysis and studying critical points. The qualitative dynamics reveals various features of these three models showing similarities in the postbounce phases and differences between LQC and mLQC-II from mLQC-I. We study stabilities of fixed points in all the cases and show the existence of inflationary attractors for all three models. We show that all of the models considered here in loop cosmology make the past of inflation complete. In addition, since dynamics of LQC, mLQC-I and mLQC-II agrees with GR in the post-bounce epoch, our investigation fills a gap in the classical theory on study of qualitative dynamics of fractional monodromy, Starobinsky potential and non-minimal Higgs potential. In particular, various subtleties so far unnoticed for qualitative dynamics of Starobinsky and non-minimal Higgs potential are rigorously understood.
The paper is organized as follows. In Sec. II we begin with obtaining the effective dynamics from effective Hamiltonian for mLQC-II. In particular, the modified FR equations are obtained for the first time. Sec. II also summarizes effective dynamics of LQC and mLQC-I, and compares numerical solutions with mLQC-II. In Sec. III, we focus on the qualitative analysis of dynamical systems resulting from the modified FR equations for φ 2 , fractional monodromy, Starobinsky, non-minimal Higgs and exponential potentials. We perform detailed phase space analysis, find various critical points and study their stabilities. We show the existence of inflationary attractors in the post-bounce epochs, and find scaling solutions for exponential potential. We summarize our results in Sec. IV. In the Appendix, we discuss details of stability analysis for non-linear systems which is relevant for fixed points in Starobinsky potential, as well as non-minimal Higgs potential.
II. EFFECTIVE DYNAMICS: HAMILTON'S AND FRIEDMANN-RAYCHAUDHURI EQUATIONS
Due to the underlying quantum geometry, the fundamental description in loop cosmology is governed by a quantum difference equation which is the quantum Hamiltonian constraint. For states resulting in macroscopic universes at classical scales, it is possible to derive an effective spacetime description where the governing equations are a modified version of classical FR equations. The effective description has been rigorously tested in LQC using numerical simulations [9] and turns out to be an excellent approximation for isotropic [10, 11] and anisotropic spacetimes [12] . Assuming the validity of the effective spacetime description, in the following we discuss the effective dynamics of LQC, mLQC-I and mLQC-II. We start with the latter as this is not yet derived in detail in the existing literature. With the effective Hamiltonian we shall obtain the modified FR equations via Hamilton's equations. In the succeeding subsections, for the sake of reader's convenience, we also summarize such equations for LQC and mLQC-I. For a detailed discussion of the effective dynamics of LQC, see Refs. [32, 33] , while for mLQC-I we refer the reader to Ref. [19] .
A. Effective Dynamics of mLQC-II
In LQG, the elementary classical phase space variables for the gravitational sector are the SU(2) AshtekarBarbero connection A i a and the conjugate triad E a i . With Gauss and spatial diffeomorphism constraints fixed, in the homogeneous and isotropic universe the only relevant constraint is the Hamiltonian constraint whose vanishing yields the physical solutions. The gravitational part of the Hamiltonian constraint is a sum of the Euclidean and Lorentzian terms, given by
with γ as the Barbero-Immirzi parameter. To fix the value of γ we follow Ref. [34] which fixes γ ≈ 0.2375 by matching the Hawking's semiclassical black hole entropy formula with the counting of the number of spin network states corresponding to the area of black hole horizon. With the choice of the lapse function being unity, the Euclidean part is
where F i ab is the field strength of connection A i a and |det(q)| is the determinant of the spatial metric compatible with the triads. The Lorentzian part in the gravitational Hamiltonian is given by
where K i a is the extrinsic curvature. Upon quantization, ambiguities can arise resulting from different treatments of the terms in the Hamiltonian constraint. In LQC, the Euclidean and Lorentzian terms are treated on the equal footing due to the symmetry reduction at the classical level which makes the Lorentzian term a multiple of the Euclidean one. However, this is not the case if Lorentzian term is treated independent from the Euclidean one in the quantization process which results in a different Hamiltonian than the standard LQC. Two resulting Hamiltonians, yielding mLQC-I and mLQC-II, have been pointed out in literature, first in Ref. [15] . The detailed effective dynamics of mLQC-I was presented in Ref. [19] , and for mLQC-II it will be presented for the first time in this paper. A key difference in the effective dynamics of mLQC-I and mLQC-II in comparison to LQC is the presence of higher order terms than quadratic in energy density in the modified FR equations. Further, for both, the quantum Hamiltonian constraint is a fourth order difference equation [15, 16] , unlike the second order one in LQC. The Hamiltonian in mLQC-II arises from the substitution K i a = A i a /γ in the Lorentzian term. Such a substitution is allowed due to the symmetries of spatially flat isotropic spacetime which permit treating extrinsic curvature as a connection. Then, the resulting effective Hamiltonian H = (C grav + C M )/8πG is [15] :
Here c and p are the symmetry reduced connection and triad variables which satisfy {c, p} = 8πGγ/3,μ ≡ ∆/|p| [7] , with ∆ = λ 2 = 4 √ 3πγ
2
Planck being the smallest nonzero eigenvalue of the area operator in LQG, and H M represents the Hamiltonian of the matter sector. The modulus sign on the triads arises because of their two orientations which will be fixed in the following to be positive.
It turns out that a canonical transformation to a new set of gravitational phase space variables b = c/p 1/2 and v = p 3/2 = v o a 3 is particularly useful [8] . Here v o is the fiducial volume of the fiducial cell introduced on the spatial manifold R 3 to define symplectic structure and a denotes the scale factor of the universe. In terms of these variables, the effective Hamiltonian H becomes
(2.5) Then, the resulting Hamilton's equations are:
where the pressure P and energy density ρ are defined respectively by P ≡ −∂H M /∂v and ρ ≡ H M /v. In order to obtain the modified FR equations, one can first express the Hubble parameter and acceleration of the scale factor in terms of the phase space variables v and b. The Hubble parameter H ≡ȧ/a =v/3v, once plugged into Eq.(2.6), yields
From the time derivative of Hubble parameter one finds,
The vanishing of the Hamiltonian constraint yields, 9) which can be inverted to obtain, 10) where ρ c = 3/[8πGλ 2 γ 2 ] is the critical energy density in LQC [7] . Only one of the roots b + is physically viable since b must be real (Note that in the classical limit of Eq.(2.8), b is proportional to the Hubble rate). Therefore, the root b − will be discarded in the following analysis. The situation here is quite different from mLQC-I [19] , where both of the branches are physically relevant to describe a complete and continuous evolution of the universe across the bounce. Now, substituting the b + branch of Eq.(2.10) into Eqs.(2.8)-(2.9), one immediately arrives at the modified FR equations:
Using the above equations, one can show thaṫ
i.e., the matter-energy conservation law still holds in mLQC-II without any change in properties of equation of state (as in LQC and mLQC-I).
From the modified FR equations we find that the quantum bounce occurs at the critical density when H = 0 andä > 0, which fixes the value of the critical density ρ II c to be
Note that the critical density ρ II c should not be confused with the critical density ρ c in LQC and the one ρ I c in mLQC-I. Due to the quantum bounce, the big bang singularity is also resolved in this model, similar to LQC and mLQC-I. Meanwhile, the bounce is accompanied by a phase of super-inflation, i.e.Ḣ > 0. To determine the energy density for this phase, we first findḢ using Eqs.(2.10) and (2.11)-(2.12):
From the vanishing ofḢ, we find that the super-inflation 2 The reason for this is tied to the fact that there is no quantum geometric contribution to the matter part of the Hamiltonian. Such a contribution can be included in addition, using inverse volume effects, which changes the equation of state but the matter-energy conservation law still holds albeit with quantum gravitational changes to ρ and P [35] .
occurs for ρ > ρ s where 
In order to uniquely determine the evolution of the universe, it is necessary to specify the matter content H M . In this paper, we will mainly focus on the single scalar field inflation. Therefore, irrespective of the approaches applied when quantizing the background spacetime, the matter Hamiltonian in our analysis will always take the following form 19) where π φ is the conjugate momentum of the scalar field and the potential energy term V (φ) will be further specified in Sec. III. As a result, Hamilton's equations of the matter sector readφ
20) In Fig. 1 , we show the evolution in mLQC-II for the case of a massless scalar field, using both Hamilton's equations (2.6)-(2.7), and the modified FR equations (2.11)-(2.12). As expected, there is a perfect agreement between the two approaches. As in LQC, the quantum bounce in mLQC-II is also symmetric as can been seen from the volume variable v near the bounce. Besides, the energy density abruptly attains its peak right at the bounce which makes the momentum b act like a step function, since according to Eq.(2.7), b is an ever deceasing function of time as long as the weak energy condition is satisfied. In the distant past, b starts with a maximum value (≈ 2.76 in Planck units) and deceases slowly until the bounce where b abruptly drops to a much smaller number close to zero and keeps declining afterwards. Both LQC and mLQC-II have the classical limits in the pre-and postbounce phases, while in mLQC-I, the classical limit only exists in the post bounce, and the pre-bounce phase is asymptotically de Sitter with a large effective cosmological constant [19] . For completeness in the rest of this section, we shall give a very brief summary over Hamilton's and FR equations for LQC and mLQC-I, and for details, we refer readers to [19, 32, 33] .
B. Effective dynamics in LQC
In the framework of LQC, the effective Hamiltonian in the spatially flat homogeneous and isotropic FLRW spacetime is given by [32, 33] from which we obtain the following Hamilton's equations for the variables v and ḃ v = 3v 2λγ sin(2λb), (2.23)
Further, from the vanishing of the Hamiltonian constraint the energy density in LQC is given by 
From these equations, it can be shown that the KleinGordon equation (2.13) also holds here. The resulting dynamics is non-singular and results in a quantum bounce at ρ ≈ 0.41ρ Pl . In addition, we also have, 28) which is also the case for mLQC-II as well as mLQC-I.
C. Effective dynamics in mLQC-I
In mLQC-I, the effective Hamiltonian in the spatially flat homogeneous and isotropic FLRW spacetime is given by [19] 
from which we obtain Hamilton's equations,
The 
where ρ
We note that in this case the momentum b also satisfies Eq.(2.28), as in the LQC and mLQC-II models. In fact, using this property one can see clearly the matching of the two different branches at the quantum bounce in mLQC-I model, and all other matchings are mathematically inconsistent [19] .
In order to qualitatively compare the three models discussed in this section, we carry out the numerical simulations for a massless scalar field. The results are shown in Fig. 2 , from which we can see clearly the following: (i) The evolution of the universe is symmetric with respect to the bounce in LQC and mLQC-II, while it is asymmetric in mLQC-I, as can be seen clearly from the volume and energy density. (ii) In the post-bounce phase, the volume of the universe in mLQC-II is always larger than that in LQC which, in turn, is greater than that in mLQC-I. This behavior is related to the relative magnitude of the critical density in each model. Basically, ρ II c > ρ c > ρ I c . (iii) A de-Sitter spacetime in the contracting phase of mLQC-I can be observed due to the exponential growth of the volume. (iv) In the second subfigure, b assumes different asymptotic values at early stages of evolution in the three models. This behavior can be accounted for by different relationships between energy density and b in these models. In LQC, mLQC-I and mLQC-II, b and ρ satisfy Eq. (2.25), (2.32) and (2.10), respectively. More similarities and distinctions among these models will be unraveled in the next section where we focus on qualitative dynamics of these models with a variety of potentials.
III. DYNAMICAL SYSTEMS AND PHASE SPACE PORTRAITS
In this section, we discuss the qualitative behavior of the spatially flat FLRW universe in the three different models of loop cosmology: LQC, mLQC-I and mLQC-II, by using dynamical system analysis. We consider five different potentials: chaotic, fractional monodromy, Starobinsky, non-minimal Higgs, and exponential. Qualitative dynamics plays an important role whenever analytical solutions are hard to obtain, as in the present cases, and reveals details of the existence of attractors and asymptotic behavior. Studying phase space portraits of dynamical variables, one can easily identify the slow-roll inflationary separatrices before the homogeneous scalar field enters a phase of fast oscillations, also known as the reheating phase. In LQC, qualitative dynamics has been studied only for φ 2 potential in Ref. [22] and for the exponential potential in [23] . Further, stability of critical points even in these cases has not been investigated. In the following we shall consider several popular potentials, study their detailed qualitative dynamics including stability of critical points not only in LQC but also in mLQC-I and mLQC-II.
In all the considered models, quantum geometric effects only influence the gravitational sector of the Hamiltonian. Thus, the Klein-Gordon equation and the energy conservation law remain unchanged. Starting from the Klein-Gordon equation of the scalar field in the spatially flat homogeneous and isotropic FLRW spacetime,
where H i denotes the Hubble rate for LQC, mLQC-I or mLQC-II, one can define two dimensionless variables for a positive potential V :
which satisfy,
Here φ = ±1, and ρ i c denotes the energy density at the bounce for different models, with ρ motion are given by two first-order ordinary differential equationsẊ
Here both V ,φ and V are regarded as functions of X and H i . For all the models considered in this manuscript, Eqs.(3.5)-(3.6) form a closed set because H i is a function of the energy density, and hence a function of X and Y . It is useful to express the equation of state ω φ := P/ρ in terms of X and Y :
Fixed points are determined by settingẊ =Ẏ = 0, and can be characterized by the behavior of the equation of state since it depends on the slope of the separatrix when the solutions converge to the fixed points. In particular, if the fixed point is a focus, the equation of state is generally undefined due to the oscillating nature of the scalar field as it approaches the focus. If the dynamical system contains a slow-roll inflationary phase, one would expect that there will exist one or two separatrices located on the X axis, so that the resulting effective equation of state is approximately −1, which ensures the exponential expansion of the universe. The stability of a given fixed point can be analyzed by inducing a small perturbation around the fixed point and analyzing the characteristic eigenvalues of the resulting equation of motion for the perturbation [37] . Note that in various papers in classical cosmology, such as Ref. [38] , dynamical systems are studied with respect to N = ln(a). In the pre-bounce era, N decreases as t increases. Due to this a fixed point which is a repeller for trajectories evolving forward in time t in the pre-bounce epoch, will be an attractor for trajectories evolving with increasing N . In the following analysis, the attractor and repeller behavior will always be for forward time evolution, i.e. towards the bounce surface in the pre-bounce epoch and away from the bounce surface in the post-bounce epoch.
One of the most popular inflationary models is the chaotic inflation [36] , in which the self-interacting potential has the form
Consequently, with the phase space variables taken as
the equations of motion (3.5)-(3.6) can be simplified tȯ In all the models, we find the existence of inflationary attractors in the post-bounce phase. In Fig. 3 , corresponding to LQC dynamics, the top subfigure illustrates the behavior of the solutions in the post-bounce phase, in which all the trajectories commencing from the unit circle converge to one of the separatrices (both of which appear parallel to X axis with a very small value of Y as the scalar field is almost constant during the slow-roll inflation) before oscillating about the fixed point (origin). In the second subfigure, a zoom-in view near the origin shows that the two separatrices can be approximated by Y ≈ ±0.035, which together with Eq.(3.7) indicates that in order to ensure an inflationary phase, the absolute value of |X| at the bounce must be greater than a certain value, which in the present case can be approximated as 0.05 (only for these compatible values we have w φ < −1/3, which corresponds to an inflationary phase) 3 . The last two subfigures of Fig. 3 show the evolution in the pre-bounce stage where the situation is similar to what is seen in the post-bounce stage owing to the time reversal symmetry in LQC.
Figs. 4 -5 show the phase space trajectories for mLQC-I and mLQC-II, respectively. We see that the evolution in mLQC-II is very similar to that in LQC in both of the pre-bounce and post-bounce phases. In contrast, both of these models have dynamics quite different from that of mLQC-I in the pre-bounce phase, in which a repelling node at the origin can be clearly discerned due to the absence of the spiral near the origin in the last two subfigures of Fig. 4 . As in the case of LQC, we can estimate the minimal value of X at bounce to ensure an inflationary phase in the post-bounce regime. In particular, the inflationary separatrix in the post-bounce stage of mLQC-I can be roughly approximated by Y ≈ ±0.08 as shown in the second subfigure of Fig. 4 . Consequently, the rough estimate on the minimal value of |X| at the bounce to ensure the occurrence of inflationary phase is approximately 0.1. Similarly, for the inflationary separatrix in mLQC-II, the second subfigure of Fig. 5 provides an estimate on Y as Y ≈ ±0.017, which sets a lower bound on |X| at the bounce (|X| ≥ 0.024) in order for the scalar field to allow an inflationary phase in the postbounce stage.
In the post-bounce expanding phase, all the three models, LQC, mLQC-I and mLQC-II, are approximated by classical GR at large volumes for matter which obeys the weak energy condition. 4 For such matter, as the scale factor increases, the Hubble rate decreases. Indeed, after the slow roll inflation in the post-bounce phase in all of these models, the value of the Hubble rate, which is of the same order as X and Y , becomes very small. Therefore, to the first-order in perturbations, only the first term on the right-hand side of Eq.(3.11) contributes to the equations of motion of the perturbations. If µ and ν denote the corresponding perturbations of X and Y , using Eqs.(3.10) and (3.11), the perturbation equations are given byμ = mν, (3.12) ν = −mµ. Fig. 3 are employed. The patterns in these figures resemble those in LQC for the same chaotic potential. In particular, the evolution of the universe in mLQC-II is also symmetric with respect to the quantum bounce. The oscillations of the trajectories can be observed in both pre-and post-bounce phases and this behavior is independent of the mass parameter.
purely imaginary, to the first-order in perturbations, the fixed point of dynamical equations in LQC, mLQC-I and mLQC-II in the post-bounce phase can be viewed as a center. This translates to an oscillatory behavior of solutions at the end of inflationary phase, that is a common feature shared by all three models as reflected in the top panels of Figs. 3-5. However, in the post-bounce stage of the phase portraits of Fig. 3-5 , instead of a center, there exists a stable spiral at the origin. The origin of this spiral is actually due to the friction term 3H iφ in the Klein-Gordon equation (which is 3H i Y in (3.11)). Note that when only the first-order terms are taken into account, we obtain Eqs. (3.12)-(3.13) corresponding to two Harmonic oscillators. However, once the friction term is considered at the level of the second-order perturbations, it results in a diminishing magnitude of the oscillations around the origin. As a result, the origin in the postbounce phase of all three models is a stable spiral and a late time attractor. This is easy to understand since all three models have the same classical limit at late times. One can think of the oscillations as the main effect from the first-order perturbation while a decease in the magnitude of the oscillation is an additional due to the secondorder perturbations. In Appendix A, we show a rigorous treatment of the origin based on the Lyapunov theorem. The result is consistent with our analysis here.
In the pre-bounce phase, as is evident from the phase space plots, the situation is similar for LQC and mLQC-II since classical GR is recovered on both sides of the bounce. The fixed point again turns out to be a center if only the first-order in perturbations is considered. The Hubble rate is negative in the contracting phase, making 3Hφ term anti-frictional which serves as a driving force to push any perturbations away from the origin. This makes the origin in the pre-bounce phase as an early time repeller for the forward time evolution. Analogous to the post-bounce case, one can also treat oscillations as a first-order effect and an increase in the magnitude of oscillations as a second-order effect. The situation is different for mLQC-I where the bounce is asymmetric and the pre-bounce phase is dominated by the cosmological constant of the Planck scale which has its origins in quantum geometry. In the pre-bounce phase of mLQC-I, the modified Friedmann equation is given by Eq.(2.35), from which it is easy to see that the Hubble rate does not become small when energy density of inflaton becomes small at large volumes at very early times. This is essentially because of the constant value of the Hubble rate due to the cosmological constant dominated dynamics in this phase. Therefore, the equations of motion of the perturbations (3.12)-(3.13) in the contracting phase in mLQC-I receive an extra contribution from the second term on the right-hand side of Eq.(3.11), which changes Eqs.(3.12)-(3.13) to the following:
14)
The characteristic eigenvalues are,
both of which have a positive real part irrespective of the mass. If m ≤ 3/(2λ(1 + γ 2 )) ≈ 0.62 then both the eigenvalues are positive and real and therefore the origin is an unstable (repelling) node in the pre-bounce phase at the level of the first-order perturbations. It is also worthwhile to note that if the mass is chosen to be large enough, m > 0.62 in Planck units, the characteristic eigenvalues will develop an imaginary part which will cause the growing oscillations of phase space trajectories while they are moving away from the origin in the pre-bounce stage of mLQC-I. The fixed point will be an unstable spiral. However, note that the magnitude of the scalar curvature perturbation is of the order of 10 −9 , which phenomenologically sets the mass of the inflaton to the order of 10 −6 ( 0.62). For such a value of mass, the two eigenvalues are m + ≈ 3 λ(1+γ 2 ) and m − ≈ 0 + . Therefore, any perturbations around the origin grow at an exponential rate.
B. Fractional Monodromy Potential
Besides the chaotic potential, in the family of power law potentials, the monodromy potential inspired by string/M-Theory and supergravity also receives lots of attention, as it fits the CMB data quite well [43] . In this model, the potential is given by
where 0 < p ≤ 1. The case with p = 1 is referred to as the linear monodromy potential, while the one with 0 < p < 1 as the fractional monodromy potential. In this paper, we focus on the latter with a particular choice p = 2/3. A modification of the potential (3.17) has been proposed [44] : . All the trajectories in the pre-bounce phase quickly converge to the origin in the backward evolution of the universe. As compared with LQC and mLQC-II, there are no oscillations, when they are approaching the origin in the pre-bounce phase.
potential, n is an integer larger than unity. (Following Ref. [44] we will take n = 4). Two limits of Eq. . Since the evolution of the universe is symmetric about the bounce both in LQC and mLQC-II, the patterns in these plots resemble those in Fig. 6 . scalar field assumes a large value (much larger than φ 0 ), and in this stage the universe is governed by the fractional monodromy potential. However, towards the end of inflation, the scalar field becomes almost zero and the potential resembles the chaotic inflationary one, which ensures a continuous transition from inflation to reheating. One then chooses φ 0 equal to the value of the scalar field at the end of inflation. For the phase before reheating, Eq.(3.17) sets φ 0 = p/ √ 16πm Pl , which is about 0.094m Pl for p = 2/3. One may apply the modified potential Eq.(3.18) with all the parameters fixed as stated above, except V 0 , which is directly fixed by the amplitude of the scalar curvature perturbation from CMB data [44] . However, for the phase space portraits, we choose a different set of parameters for a faster convergence. In Figs. 6-8 19) such that all the physical trajectories are confined within the unit circle. Following the above parameterization, the Klein-Gordon equation of the scalar field is equivalent to two first-order differential equations which reaḋ
, (3.20)
where V ,φ is explicitly given by
The system governed by Eqs. To understand the nature of this fixed point, let us perform a perturbation analysis. The linearized equations of motion for perturbations µ and ν in the post-bounce stage of LQC, mLQC-I and mLQC-II assume the form: with the characteristic eigenvalues given by ±iδ. Therefore, similar to the fixed point in the chaotic potential, if only the first-order perturbations are taken into account, the origin in the fractional monodromy potential appears to be a center. However, the friction term 3H
i Y in Eq. (3.21) again plays the role of diminishing the magnitude of the oscillations gradually. Therefore, the origin turns out to be a late time stable spiral which is an attractor as evident in the second panels of Fig. 6-8 . This is obvious because the potential we use in Eq. (3.18) reduces to the chaotic potential in the reheating phase. As a result, all the conclusions about this fixed point in the chaotic potential can be carried over to the fractional monodromy potential. In particular, the origin in the pre-bounce phase of LQC and mLQC-I is an early time repeller at the level of the second-order perturbations, consistent with the behavior of the phase space trajectories in the last panels of Figs. 6 and 8. Meanwhile, due to the quantum cosmological constant in the pre-bounce stage of mLQC-I, the evolution equations for the perturbations µ and ν take the formμ
from which one can easily find the following two characteristic eigenvalues
0 . The eigenvalues are real and positive if
In this case the fixed point is an unstable node as we can see in the last subfigure of Fig. 7 . However, if φ 0 is chosen to be a smaller number than above, the square root term in Eq. (3.27) would become purely imaginary. Thus, the phase space trajectories would also exhibit oscillating behavior as they are moving away from the origin. The fixed point turns out to be an unstable spiral. Compared with the phase portraits in chaotic potential, Figs. 6 -8 also exhibit two separatrices in the post-bounce stage of all three models and the pre-bounce phase of LQC and mLQC-II. This indicates that the inflationary solutions are also attractors in the fractional monodromy potential in LQC, mLQC-I and mLQC-II in the post-bounce regimes. Besides, as we employ the modified potential in our simulations, at small φ, the fractional monodromy potential coincides with the chaotic potential. As a result, the properties of the origin in all three models are the same as in the chaotic potential. Generic solutions start from the origin in the pre-bounce phase, go through the quantum bounce on the unit circle and then approach the inflationary separatrices, and finally converge to the origin in the post-bounce phase.
C. Starobinsky Potential
In classical cosmology, Starobinsky inflation is based on adding an R 2 term in the gravity action, which is equivalent to adding the following potential in the Einstein frame [45] : where m represents the mass of the scalar field. The potential (3.29) is asymmetric about φ = 0, unbounded for negative φ on one hand but no larger than parameters implies that a slow-roll inflationary phase can only exist in the range of positive φ ≥ 0 [44] . It should be noted that in LQC (and in mLQC-I and mLQC-II), the starting point of the dynamics is an effective Hamiltonian and not an action. In LQC, an effective action does exist [46] , but it contains an infinite number of higher curvature terms. If one implements R 2 inflation in LQC, mLQC-I and mLQC-II, the resulting potential will be different from the above expression (3.29) in the quantum regime where there are non-trivial differences of these models from GR. However, one can phenomenologically investigate effects of Starobinsky potential in these models by assuming above form in the effective Hamiltonian of these models. In LQC 5 , this phenomenological approach was first used in Ref. [30] where some aspects of pre-inflationary dynamics and resulting signatures in CMB were discussed.
Similar to the power law potential, together with the phase space variables defined by 
As a result, all the trajectories in the phase space are confined within the unit circle: X 2 + Y 2 ≤ 1. Dynamical equations (3.32)-(3.33) have two fixed points: the origin and (χ 0 , 0). In order to analyze the stability of point (χ 0 , 0), one can plug perturbations around this point:
into the dynamical equations (3.32)-(3.33). In LQC, mLQC-I, and mLQC-II, this leads to the following equations of motion of the perturbations:
and ∓ stands for expanding/contracting phase, respectively. At the fixed point, the Hubble rate does not vanish as Since one of the eigenvalues is zero, the fixed point is non-simple (degenerate). We note that in the contracting phase, one of the eigenvalues m + is positive and the fixed point is unstable in the pre-bounce phase of LQC, mLQC-I and mLQC-II. On the other hand, in the expanding phase, m − = 0 and m + = −3H i < 0, one thus comes up with a critical problem of stability which cannot be solved by simply linearizing the system (3.32)-(3.33). In this particular situation, it is the higher-order terms that determine the stability of the equilibrium. Detailed analysis using center manifold theory in the Appendix shows that the fixed point (χ 0 , 0) is also unstable in the post-bounce phase which is consistent with the observations in the phase space portraits. It is to be noted that the phase portraits are in X and Y , not µ and ν which if plotted would yield a line of fixed points due to zero eigenvalue at the linearized order. Due to this zero eigenvalue a more careful analysis performed in the Appendix becomes necessary.
Following Appendix, from Eq. (A.15), one can find the approximate solution of X near the above fixed point: > 0 and c 1 is an integration constant. At the initial time t = 0, the points on the left-hand side of the fixed point acquires a positive c 1 while the points on the other side acquires a negative c 1 . This difference results in the distinctive behavior of the trajectories on the two sides of X = χ 0 , depicted by the vertical lines in Figs. 9-11. As one can see in the second subfigures of Figs. 9-11, all the trajectories on the right-hand sides of X = χ 0 tend to converge to the fixed point since in these regions c 1 < 0, and as a result, the second term in the approximate solution (3.38) decreases with time. On the other hand, all the trajectories on the left-hand sides of X = χ 0 move away from the fixed point, since the positivity of c 1 makes the second term of Eq. (3.38) grow up quickly when time elapses. Moreover, as the second eigenvalue of the system in the expanding phase is negative, the Y components of all the trajectories quickly converge to the X-axis.
It is interesting to note that in each of the phase portraits of Figs. 9-11, it is the left-hand side of the vertical line (X < χ 0 ) that corresponds to the Starobinsky potential (3.29). In the right-hand side of the vertical line (X > χ 0 ), the autonomous system of Eqs.(3.32) and (3.33) corresponds to a scalar fieldφ with a potential 39) whereφ in terms of X is given by,
Therefore, the phase portraits of Figs. 9-11 actually correspond to two different scalar fields, one with the Starobinsky potential (3.29) and one with the potential of Eq.(3.39), which can be obtained from Eq. . So, the two disconnected regions (divided by the vertical line X = χ 0 or φ = +∞ =φ) actually represent two different inflationary models with distinct potentials.
For the other fixed point, the origin, since the dynamical equations (3.32)-(3.33) reduce exactly to (3.12)-(3.13) of the power law potential, if the second-order terms in X and Y are discarded, all the conclusions about the origin in the chaotic potential are still valid for the Starobinsky potential. In particular, the origin is still a late-time (early-time) attractor (repeller) in the post-bounce (prebounce) phase of LQC, mLQC-I and mLQC-II. In the pre-bounce phase of LQC and mLQC-II, there is an unstable spiral at the origin as evident from the last panels of Figs. 9 and 11 . While in the pre-bounce phase of mLQC-I, depending on the value of the mass, the origin can be either an unstable spiral or an unstable node. The characteristic eigenvalues of the evolution equations for linear perturbations about the origin are still given by Eq. (3.16) . In the chaotic potential, the mass is set to 0.2 which generates two real positive eigenvalues. In the current case, we can choose a small mass parameter to make both of eigenvalues real and positive, this sets an upper limit on the mass which in Planck units is,
Therefore, in the phase space portraits Figs. 9-11, where we have chosen m = 0.62, the origin in the pre-bounce phase of mLQC-I becomes an unstable node, as can be seen from the last panel in Fig. 10 . All the trajectories in the phase space portraits Fig. 9-11 are confined within the region −1 ≤ X < χ 0 as expected from the foregoing analysis. Besides, it is obvious that in contrast to the symmetric potentials discussed earlier, there is only one slow-roll inflationary separatrix in the pre-bounce/postbounce phase portraits of the Starobinsky potential for LQC and mLQC-II as well as in the post-bounce phase of mLQC-II, since the inflation can only take place on the right branch of the potential with φ > 0. Most trajectories starting from (X<0, Y <0), i.e. (φ B <0,φ B <0) on the unit circle do not converge to the inflationary separatrix and thus do not experience the inflationary phase before entering into the reheating phase. As shown in the first panels of Figs. 9-11, in all three models, generic solutions start from the unstable origin in the contracting phase, and approach the stable spiral at the origin after the quantum bounce.
D. Non-Minimal Higgs Potential
For the minimal coupling between the gravitational and Higgs sectors, the self-interaction potential is given by 42) where h represents the Higgs field, α is the coupling constant 6 and σ is the vacuum expectation value of the Higgs field. Since restriction on α from particle physics cannot be reconciled with CMB observations, hence one considers a non-minimal coupling and drop the naive ansatz of the minimal coupling. Insights on resolving this issue were first achieved in [48] where the non-minimal coupling was taken into consideration. Here we just summarize some of the main results. For the non-minimal coupling, in the Jordan frame the action for the Higgs boson coupled to gravity can be cast in the general form
with 44) and
Here M Pl (= 1/ √ 8πG) stands for the reduced Planck mass, and ξ(= 1.61 × 10 4 ) represents the non-minimal coupling strength. Considering the relatively small value of σ (= 246GeV), which is far below the energy scale of inflation, one can safely use the approximations m 2 ≈ M 2 Pl in the following discussion. Using the conformal transformationĝ µν = Ω 2 g µν with the conformal factor
Pl , we get the following action in Einstein's frame:
where 47) and
It should be noted that in the small field limit, φ ≈ h, ω φ ≈ 1 and U ≈ V , thus the quartic self-interaction is recovered. On the other hand, for h , the potential can be well approximated by [44] 49) where the magnitudeV 0 is determined by the CMB observations [43] V 0 = αM Fig. 12 . Qualitative evolution of generic solutions are depicted in the first subfigure. In the second subfigure, there are two inflationary separatrices and a stable spiral at the origin. The last subfigure exhibits an unstable node at the origin due to the non-vanishing Hubble rate at early times in the pre-bounce phase.
the predictions from the model matched with the CMB data [43] . To fit both observations, the value of ξ can thus be fixed, which turns out to be ξ = 1.61 × 10 4 .
At large value of φ, the effective potential Eq. Fig. 12 . The evolution of the universe is symmetric about the bounce just like in LQC. All the trajectories start from the unstable spiral in the contracting phase, across the quantum bounce at the boundary, and then converge to inflationary separatrices in the expanding phase before approaching the stable spiral at the origin.
comes into effect and sources the slow-roll inflation. At the end of inflation, the scalar field φ quickly diminishes to a small value, which justifies the small field limit. One thus recovers quartic self-interaction of the Higgs boson in the reheating phase. Since we are interested in the inflationary phase, we shall work in the Einstein frame with the effective potential (3.49). This potential is symmetric about φ = 0, and at the positive side of the scalar field, it is similar to the Starobinsky potential. Therefore, we shall adopt a similar parametrization of the phase space variables for the phase space portraits with 52) in whichχ 0 = V 0 /ρ i c . The resultant equations of motion simply becomė
where ∓ correspond to the positive/negative φ, respectively. As a result, the dynamical equations (3.53)-(3.54) have three fixed points: the origin and the points (±χ 0 , 0). The analysis of the properties of these fixed points can be carried out in the same way as in the Starobinsky potential, since Eqs. .
In Figs. 12-14, we have chosenV = 0.012. As it is a small number, if plotted in the variables X and Y , the phase portraits will be cornered in a small region near the origin. To better demonstrate the patterns of the portraits, we useX = X/χ 0 . Following the analysis for Starobinsky potential, several points in the following can be easily justified: (i) As can be seen from the phase space portraits given in Fig. 12-14 , all the physical trajectories are confined within the region |X| <χ 0 . (ii) Points (±χ 0 , 0) are fixed points with one eigenvalue vanishing in the linear stability analysis. As in Starobinsky potential, these turn out to be unstable. of the dynamical system which can only be reached in the limit φ → ±∞. Therefore, |X| = 1 are boundaries of the system. (iii) Outside the region bounded by |X| < 1, there exist solutions corresponding to an analogous scalar fieldφ for a different potential (as in Sec. IIIC). The fixed points (±χ 0 , 0) behave as an/a attractor/repeller of the generic solutions in |X| > 1 in the post-/pre-bounce stage in all three models. However, all these solutions can not be mapped to the real X − Y plane due to the term φ/|φ| in the transformation equation (3.51) . Besides, as viewed in the whole phase space, similar to the point (χ 0 , 0) in Starobinsky potential, the fixed points (±χ 0 , 0) are not stable either. (iv) And finally, the origin still plays the same role as in the Starobinsky potential or any other potentials studied in the above subsections. More specifically, it is an attractor/repeller in the post/pre-bounce phase of LQC, mLQC-I and mLQC-II. In the pre-bounce phase of mLQC-I, the origin can be either an unstable node or an unstable spiral depending on the value of the magnitude of the potentialV 0 . It can be found directly from Eq. (3.41) that the condition for two real positive characteristic eigenvalues of the evolution equations for the linear perturbations about the origin iŝ
Therefore, ifV 0 is less than or equal to 0.012, the origin in the pre-bounce phase of mLQC-I is an unstable node, while ifV 0 is larger than 0.012, there is an imaginary part in the eigenvalues of the evolution equations which makes the origin an unstable spiral. Since in our simulations we chooseV 0 = 0.012, thus, there is no spiral structure showing up in the third subfigure of Fig. 13 . In Figs. 12-14 , the boundaries outlined by the black solid curves are the ellipsesχ
0X
2 + Y 2 = 1. In the plots, only the central parts of the ellipses with |X| < 1 are depicted. The first panels of Figs. 12-14 show us the qualitative evolution of generic solutions which start from the unstable origin in the pre-bounce phase, across the quantum bounce at the boundary, and then finally approach the stable origin in the post-bounce phase. In the second panels, two inflationary separatrices appear in all three models in contrast to the Starobinsky potential, since the non-minimal Higgs potential is symmetric about φ = 0. Therefore, the inflationary phase can be sourced by two sides of the φ axis. There is also a stable spiral at the origin in each of the portraits for all three models. The last subfigures in Figs. 12 and 14 contain an unstable spiral at the origin, while in Fig. 13 the origin is an unstable node.
E. Exponential Potential
In classical theory, power law inflation is realized by the exponential potential given by [49] ,
where V 0 and q are two free parameters characterizing the magnitude and steepness of the potential. The slowroll parameters can be shown as
. Hence, the slow-roll inflation is possible when q < √ 2. Since the slow-roll condition is determined by a constant q, there is no graceful exit unless there is a complementary mech- anism. Moreover, the predicted tensor to scalar ratio by a canonical scalar field with the exponential potential is larger than constraints from CMB observations [43] . Although the model is observationally disfavored 7 , it is still interesting because of the presence of late time scaling solutions, and capturing the universal behavior of the scale factor at the kinetic dominated bounce [39] .
In order to show the existence of the scaling solutions in the exponential potential, two new variables are introduced as follows [38] :
Here we only consider the positive potential with V 0 > 0. As a result, the energy density and the pressure of the scalar field can be expressed in terms of the new variables 7 Note that with a non-canonical scalar field, power law inflation can be made observationally viable but in that case the potential ceases to be exponential.
Therefore, the effective equation of state of the scalar field is
On the other hand, if we assume a general form of the Friedmann equation for different models:
where L i (ρ) is a positively well-defined function of the energy density and i stands for three different models, LQC, mLQC-I and mLQC-II. Using (3.58) along with the above equation we find that the trajectories of the solutions should satisfy the condition
The Klein-Gordon equation (3.1), along with the definitions (3.2) can be written into an autonomous system governed by a set of coupled first-order differential equations, given by:
64) 8 In contrast to potentials considered so far, we perform stability analysis using in terms of number of e-foldings N . This is to assist a comparison with earlier works on exponential potential [38, 50] .
where ∂ ρ represents the differentiation with respect to ρ and N denotes the e-folds defined by N = ln(a). The system is closed since the energy density is an implicit function of X and Y due to Eq. In contracting phase, since N is a decreasing function in the forward evolution, the negative eigenvalue indicates the point X = Y = 0 is unstable.
The kinetic-dominated solutions
and Y = 0 which results in ω φ = 1. In the classical theory, L i = ρ, and the solutions are simply X = ±1, Y = 0. At large volumes, in LQC, mLQC-II and the post-bounce phase of mLQC-I,
which, once plugged into Eq. (3.62), gives
As a result, at the fixed point, the energy density has to vanish and the kinetic-dominated fixed points are X = ±1, Y = 0 in LQC, mLQC-II and post-bounce phase of mLQC-I (at large volumes). In the pre-bounce phase of mLQC-I, one has to solve Eq. where a prime denotes a derivative with respect to N . As a result, in the expanding phase, the kinetic-dominated solutions are unstable (since µ ∝ e 6N ) while in the contracting phase, the solution (1, 0) is stable when q < √ 6, and the solution (−1, 0) is stable, when q > − √ 6. 3. The last but perhaps the most interesting types of fixed points correspond to the kinetic-potential scaling solutions given by
where the plus (minus) sign in Y applies to the expanding (contracting) phase. Plugging the scaling solutions into Eq. (3.62), one can solve for the energy density from
At large volumes, in LQC, mLQC-II and the post-bounce phase of mLQC-I, L i assumes the form L i = ρ + O(ρ 2 ), the only solution for the energy density from Eq. (3.71) is ρ = 0. Therefore, for 0 < q < √ 6, the scaling solutions in these cases are
These are the same scaling solutions which exist in the classical theory. In particular, they are termed as scalar field dominated solution in [38] and potential-kineticscaling solution in [50] . As in the case of kineticdominated solutions, kinetic-potential scaling solutions do not exist in the pre-bounce phase of mLQC-I. Considering linear perturbations X → X + µ and Y → Y + ν about the scaling solutions (3.72), we get µ = 3q
where ± sign denotes the expanding/contracting phase. As a result, the eigenvalues of the Jacobian matrix for the scaling solutions are:
Therefore, m − is always negative as long as the scaling solution exists. This identifies the scaling solutions as the saddle points of the dynamical system. We now discuss the phase portraits and scaling solutions for this potential. Noting that at the bounce the definition in Eq. (3.57) breaks down, in the phase portraits we employ another set of variables
so that all the trajectories are confined within the half circle as evident in Fig. 15 . We have chosen two sets of parameters to show the way steepness of the potential affects phase space portraits. We first discuss the case of q = 1. Since q < √ 6, kinetic-potential scaling solutions exist in this case. From Fig. 15 we find that in all three models, two separatrices are present. Using Eq.(3.72), it is straightforward to see that the equation of state for scaling solutions in this case corresponds to ω φ = q 2 3 − 1 ≈ −2/3. This is confirmed by Fig. 16 , where the equation of state approximates this value in the postbounce regime for all the models, and in the pre-bounce regime for LQC and mLQC-II. For the pre-bounce stage of mLQC-I, the equation of state approaches −1 and this indicates the dotted separatrix in the top middle panel of Fig. 15 is a de-Sitter spacetime. Earlier we showed that this corresponds to the fixed point (0, 0) which is unstable. Kinetic-potential scaling solutions in the postbounce phase are clearly visible for three models as shown in Fig. 17 . It can be clearly seen that in the post-bounce phase of all three models, scaling solutions are dominated by the potential energy. Further, scaling solutions are also present in the contracting phase of LQC and mLQC-II as evident in the bottom panels of Fig.17 , where the kinetic energy is about ten times larger than the potential energy. The equation of state again approximately equals −2/3 which confirms the scaling solutions. However, in mLQC-I, it is the de-Sitter phase that occupies the prebounce regime as the potential energy is about 10 5 times larger than the kinetic energy in most of the evolution which leads to effective equation of state as ω ≈ −1.
For the case of q = 3, kinetic-potential scaling solutions are absent in all the models. The contrast of the phase space portraits can be seen from Fig. 15 . We see that in LQC and mLQC-II, all the trajectories start and end at the origin after the bounce. In the case of mLQC-I, a short separatrix in dotted line can still be observed near the origin. This corresponds to the de Sitter spacetime in the pre-bounce epoch of mLQC-I, which is confirmed by the equation of state plot (Fig. 16) . Moreover, in the same figure, at very early (pre-bounce) and late (postbounce) times, solutions in LQC and mLQC-II tend to be the kinetic-dominated solutions. Such solutions can be seen in Fig. 18 , in which except the pre-bounce phase of mLQC-I, all the other regimes in the three models are dominated by the kinetic energy. This observation is consistent with Fig. 16 , in which the blue dotted line tends to ω φ = −1 at early times when q = 3, while both green and red lines are approaching ω φ = 1.
To conclude our discussions on qualitative dynamics, we present Table. I-II in which all the fixed points and their properties discussed above in LQC, mLQC-I and mLQC-II are summarized.
IV. SUMMARY
In the quantization procedure, several ambiguities can modify the form of effective Hamiltonian in loop cosmologies. The main goal of this paper was to understand the physical implications for treating Lorentzian term in isotropic spacetimes in loop cosmology in detail using dynamical system analysis. We used three models, LQC [2] , mLQC-I [15, 17] and mLQC-II [15] . The modified dynamics of LQC has been extensively studied, and recently modified FR equations in mLQC-I were derived [19] . Similar equations for mLQC-II were not known so far. In this paper, we have first derived the FR equations in mLQC-II and then found that the evolution of the universe is symmetric with respect to the quantum bounce, although the critical density is larger by a factor of 4γ 2 + 4 than that of LQC. Though some of the properties of effective dynamics for this model were first studied in Ref. [15] , we have derived for the first time modified FR equations and discussed in detail comparison with LQC and mLQC-I.
With details of effective dynamics of three models available, we have studied general properties of the evolution of the universe driven by a single scalar field for several inflationary potentials. They include the chaotic potential, the fractional monodromy potential, the nonminimal Higgs potential, the Starobinsky potential, and the exponential potential. Among them, the first three potentials are symmetric about φ = 0, while the last two are not. As a result, inflation can occur for positive as well as negative values of φ for chaotic, fractional monodromy and non-minimal Higgs potentials. While in the Starobinsky potential, only positive part of the φ axis is able to drive inflation. Correspondingly, in the phase portraits of chaotic, fractional monodromy and non-minimal Higgs potentials, there are two slow-roll inflationary separatrices in the pre-and post-bounce stages for LQC and mLQC-II, while there only exists one inflationary separatrix in the phase portrait of the Starobinsky potential. In the exponential potential, power law inflation is just a special case of the scaling solutions when the steepness parameter q < √ 2. In the post-bounce phase, all the three models discussed here result in an inflationary attractor starting from the bounce. One thus achieves a post/pre-bounce saddle point
post-bounce saddle point non-singular dynamical evolution of inflationary spacetime thanks to quantum gravitational effects of LQG.
Starting from the initial data set at the bounce, the scalar field continues to grow to some values until the slow-roll inflationary parameter drops below unity. After a short super-inflationary phase, slow-roll inflation is triggered and driven by the nearly constant potential. Near the end of inflation, the potential drops quickly towards its minimal value and keeps oscillating around it in the reheating phase, except for the exponential potential which requires a separate mechanism for graceful exit. In the phase portraits, for all potentials except the exponential one, this process is reflected by the fact that regardless of the nature of inflationary potentials, the origin is always a stable spiral (a late-time attractor) in the post-bounce phase in all the three models. The spiral structure of the separatrices, when they are moving toward the origin, reflects the oscillations of the scalar field during reheating.
In LQC and mLQC-II, the evolution of the universe is symmetric about the quantum bounce. The notable difference lies in mLQC-I which due to asymmetric evolution and a quantum geometric cosmological constant in the pre-bounce stage does not allow inflation sourced by the inflationary potential in the pre-bounce phase, but dynamics approximates that of a de Sitter spacetime. Besides, regardless of the nature of inflationary potentials, in the contracting phase, there always exists an unstable spiral at the center of the phase portraits for LQC and mLQC-II. In particular, the spiral structure in LQC and mLQC-II can be accounted for by the imaginary eigenvalues of the linear perturbations. On the contrary, in the contracting phase of mLQC-I, depending on the magnitude of inflationary potential, there can be either an unstable spiral or an unstable node at the origin, as the characteristic eigenvalues of the evolution equations for linear perturbations about the origin always have a real positive part which makes the perturbations grow at an exponential rate. In the phase portraits, we have carefully chosen the mass and the amplitude of the potential, so that the unique feature of the pre-bounce of mLQC-I is aways highlighted by the unstable node at the center of the figures. In the Starobinsky and non-minimal Higgs potentials, unstable fixed points show up as the boundaries for real solutions, these points appear in the extreme situations when the real scalar field blows up. For these potentials, there exist fixed points which are non-simple, for which we use center manifold theory to understand stability properties.
Furthermore, analogous to the classical theory, scaling solutions also appear for the exponential potential. Despite the holonomy corrections at the quantum bounce, these scaling solutions in LQC, mLQC-I and mLQC-II have the same properties as in the classical theory: they are the saddle points which only exist for q 2 < 6. Besides the scaling solutions, we have also found one unstable fixed point that only shows up in the contracting phase of mLQC-I and is later identified with the unique asymptotic de-Sitter spacetime. It turns out that no other fixed points can ever exist in the pre-bounce phase of mLQC-I. In the phase space portraits for the exponential potential, the scaling solutions as well as the asymptotic de-Sitter spacetime show themselves in the form of the separatrices toward/from which all the trajectories converge/diverge. The qualitative evolution of generic solutions in the ex-ponential potential depends on the steepness of the potential. In LQC and mLQC-II, for q 2 < 6, generic solutions start from the scaling solutions at early times, as the Universe is in a state of deflation, the energy density becomes larger and larger until the critical energy density is reached, then the bounce occurs which brings the Universe into a state of expansion. Finally, the Universe reaches the same scaling solution as it starts from at late times. When q 2 > 6, the Universe starts from the kinetic-dominated solution in the pre-bounce stage and end up with the same kinetic-dominated solution in the post-bounce stage. In mLQC-I, for any q, the Universe starts from the unique de-Sitter spacetime in the contracting phase and arrives at either scaling solutions (q 2 < 6) or kinetic-dominated solutions (q 2 > 6). Our results establish various features of qualitative dynamics for LQC, mLQC-I and mLQC-II. On one hand they bring out various similarities between these models in the post-bounce epoch, but on the other hand contrasting differences in the nature if fixed points is revealed between LQC and mLQC-II on one hand, and mLQC-I on the other hand. Occurrence of attractors demonstrated for various different potentials shows that despite quantization ambiguities, inflation is natural in loop cosmology. It will be interesting to understand various details of the pre-inflationary dynamics in these models, which will be addressed in a future work [39] . Once coefficients a, b and c are determined order by order from Eq. (A.11), we can plug Eq. (A.12) into (A.10) and obtain a reduced system in one dimension, which iṡ
The stability of the origin in this reduced system is identical to the stability of the origin in the original system. Thus, in the case of the Starobinsky potential, we do not even need to know the coefficients in the expansion (A.13) as the lowest order term in Eq. (A.14) is µ squared term. Therefore, near the origin, the essential part to determine the stability isμ
from which we immediately know µ = 0, ν = 0 is not stable and consequently (χ 0 , 0) is not stable in the expanding phase of LQC, mLQC-I and mLQC-II.
The second example we would like to deal with is the origin of the system defined in Eqs. (3.10)-(3.11). To show that the origin is indeed stable in the expanding phase, one need appeal to the Lyapunov theorem [52] which states:
Theorem: If there is a differentiable function V in the neighborhood of z = 0 (the equilibrium point) denoted by D such that V(0) = 0, then the origin is asymptotically stable if V(z) > 0 andV < 0 for all nonzero z in D.
In the theorem, z denotes collectively all the independent variables of the dynamical system andV is defined byV =ż∂ z V. In the case of Eqs. (3.10)-(3.11), one can simply choose V(z) as proportional to the energy density of the scalar field, that is 16) then one can immediately finḋ
As a result, the origin is asymptotically stable in the expanding phase where H i > 0. Since V is the energy function of the system,V < 0 along all the trajectories near the origin indicates the system is dissipative.
